Further Maths Scheme and Specification

2a. OCR A Level in Further Mathematics B (MEI) (H645)

OCR's A Level in Further Mathematics B is a linear qualification in which all papers must be taken in the same
examination series. To be awarded OCR's A Level in Further Mathematics B (MEI) learners must take one of
three routes through the qualification, Route A, Route B or Route C.

Route A: Candidates must take the mandatory Core Pure and Mechanics Major papers and then one further
optional minor paper. This paper must not be Mechanics Minor.

Route B: Candidates must take the mandatory Core Pure and Statistics Major papers and then one further
optional miner paper. This paper must not be Statistics Minor.

Route C: Candidates must take the mandatory Core Pure paper and then three further minor optional papers.

Learners may not enter for Mechanics Major Y421 and Mechanics Minor Y431, Statistics Major Y422 and
Statistics Minor Y432 or Mechanics Major Y421 and Statistics Major Y422,

Learners may take more than the required number of minor papers to increase the breadth of their course. For
details of how their grade will be awarded, see Section 3g.

Content Overview Assessment Overview
The gualification comprises one mandatory Core Pure Mandatory paper:
paper and then a combination of optional papers: Core Pure (Y420) 5 0%
. Core Pure content®
. Major options 144 raw maris of total
. . (180 scaled)
2 Mechanics Major (Y421)
o Statistics Major (¥422)! 2 hour 40 mins Alevel
. Minor options Written paper
o Mechanics Minor (Y431)*
a Statistics Minor (Y432) Major Option
A i i ' 2
’ Eﬂdelllmg with Algﬂruthmsf*fﬂah 190 raw marke 33%%
umerical Methods (Y434)
> Extra Pure (v435) (120 scaled) of total
4 Further Pure with Technology 2 hour 15 mins A IEVEI
(Y436) Written paper

The Overarching Themes must be applied along
with associated mathematical thinking and
understanding, across the whole of the subject Minor Option

content. See Sectaon 2b.
60 raw marks

(60 scaled) 163%5%

'One third of the Core Pure content, and one half of 1 hour 15 mins Gf total
the content of each major option can be co-taught Written paper
with AS Further Mathematics. This material is (1 hour 45 mins A level
labelled (a) throughout Sections 2c to 2e. Written paper

These minor options can be co-taught with AS for ¥43g)

Further Mathematics.



https://www.ocr.org.uk/Images/308768-specification-accredited-a-level-gce-further-mathematics-b-mei-h645.pdf

Year 12 AS-level Further Maths Scheme of Work

Program of Study for groups taught by 2 teachers

Ch1 - Matrices and Transformations
Ch6 — Matrices and their inverses

Ch2 - Complex Numbers

Ch3 - Roots of polynomials

Ch4 - Sequences and Series

Ch7 — Vectors and 3D space
An introduction to radians
The identities sin(ezxd) and cos(etd)

Revision and Assessment
Practice Questions — Further Mathematics 1

Ch5 — Complex numbers and geometry

Revision and Assessment
Practice Questions — Further Mathematics 2

Ch1 — Kinematics

Ch2 — Forces and motion
Ch3 - A model for friction
Ch4 Moments of forces

Ch1 - Statistical problem solving

Ch2 - Discrete random variables

Ch3 - Discrete probability distributions

Ch5 Work, energy and power
Ch6 Impulse and momentum
Ch7 Centre of mass 1

Ch8 Dimensional analysis

Ch 4 - Bivariate data (correlation coefficients)

Ch 5 Bivariate data (regression lines)

Ch 6 Chi-squared tests

Revision for Exam (1 Week)
End of Year 12 Assessment (1 week)

Revision for Exams (1 Week)
End of Year 12 Assessment (1 week)

Autumn - Half Term 1
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Teacher 1

Teacher 2

Ch1 - Matrices and Transformations (Integral

Ch2 — Complex numbers (Integral link)

link)

- Matrices (p2)

- Multiplication of matrices (p6)

- Transformations (p13)

- Successive transformations (p27)
- Invariance (p33)

LEARNING OUTCOMES

When you have completed this chapter you should be able to:

» understand what is meant by the terms order of a matrix, square matrix,
identity matrix, zero matrix and equal matrices

» add and subtract matrices of the same order

= multiply a matrix by a scalar

» know when twoe matrices are conformable for multiplication, and be able to
multiply conformable matrices

» use a calculator to carry out matrix calculations

» know that matrix multiplication is associative but not commutative

= find the matrix associated with a linear transformation in two dimensions:
> reflections in the coordinate axes and the lines y = *x
» rotations about the origin
> enlargements centre the origin
» stretches parallel to the coordinate axes
» shears with the coordinate axes as fixed lines

» find the matrix associated with a linear transformation in three dimensions:
» reflectioninx =10,y =0or = =1}
» rotations through multiples of 0° about the x, y or > axes

»= understand successive transformations in two dimensions and the
connection with matrix multiplication

» find the invariant points for a linear transtormation
» find the invariant Lines for a linear transformation.

KEY POINTS

1 A matrix is a rectangular array of numbers or letters.
2 The shape of a matrix is described by its order. A matrix with r rows and ¢
columns has order r % ¢

3 A matrix with the same number of rows and columns is called a square matrix.

4 The matrix O = [ g E] ]is known as the 2 x 2 zero matrix. Zero matrices can

be of any order.

5 A matrix of the form I = ( ] is known as an identity matrix. All identity

10
01
matrices are square, with 1s on the leading diagenal and zeros elsewhere

6 Matrices can be added or subtracted if they have the same order.

7 Two matrices A and B can be multiplied to give matrix AB if their orders are
of the form p X ¢ and q X r respectively. The resulting matrix will have the
order pr X r.

Ch6 — Matrices and their inverses (Integral link)
- The determinant of a matrix (p125)

- Introduction to complex numbers (p39)

- Extending the number system (p40)

- Division of complex numbers (p44)

- Representing complex numbers geometrically (p47)

Ol

LEARNING OUTCOMES

When you have completed this chapter you should be able to:

» understand how complex numbers extend the number system
» solve quadratic equations with complex roots
» know what is meant by the terms real part, imaginary part and complex conjugate
» add, subtract, multiply and divide complex numbers
» solve problems involving complex numbers by equating real and imaginary parts
= represent a complex number on an Argand diagram
» represent addition and subtraction of two complex numbers on an Argand diagram.
KEY POINTS
1 Complex numbers are of the form = = x + yi with i 1.
x is called the real part, Re(z), and y is called the imaginary part, Im(z).
2 The conjugate of = = x + yiis =" = x — yi.

3 To add or subtract complex numbers, add or subtract the real and imaginary
parts separately.

(2 + i) + (3 + 2d) = (3 +x0) + (1 + )i

4 To multiply complex numbers, expand the brackets then simplify using
the fact that i* 1

5 To divide complex numbers, write as a fraction, then multiply top and bottom
by the conjugate of the bottom and simplify the answer.

& Two complex numbers =z, = x, + y,1 and =, = x, + y,1 are equal only if
x, =x,and y, =y,

7 The complex number = = x + yi can be represented geometrically as the
point [x, y).

This is known as an Argand diagram.

Ch3 - Roots of polynomials (Integral link)

- Polynomials (p53)

- Cubic equations (p58)

- Quartic equations (p62)

-Solving polynomial equations with complex roots (p65)

LEARNING OUTCOMES

When you have completed this chapter you should be able to:

> know the relationships between the roots and coefficients of quadratic, cubic
and quartic equations

» form new eguations whose roots are related to the roots of a given equation
by a linear transformation

» understand that complex roets of polynomial equations with real coefficients
occur in conjugate pairs

» solve cubic and quartic equations with complex roots.

KEY POINTS
1 It eand [ are the roots of the quadratic equation az® + bz + ¢ = 0, then
__h _ £
x+ = and e —
2 e, ﬁand yare the roots of the cubic equation az’
. - b

+ bz + ez +d = 0, then
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- The inverse of a matrix (p131)
- Using matrices to solve simultaneous
equations (p137)

LEARNING OUTCOMES

When you have completed this chapter you should be able to:
> find the determinant of a 2 x 2 matrix
» know what is meant by a singular matrix

> understand that the determinant of a 2 = 2 matrix represents the area scale
factor of the correspending transformation, and understand the significance
of the sign of the determinant

» find the inverse of a non-singular 2 = 2 matrix
use a calculator to find the determinant and inverse of a 3 = 3 matrix

Y ¥

know that the determinant of a 3 x 3 matrix represents the volume scale
factor of the corresponding transformation

understand the significance of a zero determinant in terms of transtormations
use the product rule for inverse matrices

use matrices to solve a pair of linear simultaneous equations in two unknowns
use matrices to solve three linear simultaneous equations in three unknowns.

Y ¥ ¥y

KEY POINTS

T Iim [ “ : ) then the determinant of M, writlen detM or [ M| is given
[

by detM - ad - b
2 The determinant of a 2 » 2 matrix represents the area scale factor of the
transformation.

The determinant of a 3 x 3 matrix represents the volume scale factor of the
transformation.

[ ab - 1 d b
3 IFM (‘djlhenM - M( ’ d]

4 (MN)'=N'M"

5 A malrix is singular if the determinant is zero. If the determinant is non-zero
the matrix is said lo be non-singular.

& If the determinant of a matlrix is zero, all points are mapped to either a
straight line [in two dimensions) or lo a plane [three dimensions).

7 If Ais a non-singular matrix, AA™' = A7A=L

8 When solving two simultaneous equalions in two unknowns, the equalions

can be wrillen as a matrix equation M = ( : ] .

When solving three simullaneous equations in three unknowns, the equations
X a

can be writlen as a matrix equation M |y F |-
x [

In both cases, if det M#) there is a unique solution te the equations which
can be found by pre-mulliplying both sides of the equation by the inverse

mialrix M~
If detM = 0 there is no unigue solution to the equations. In this case there is
either no solution or an infinite number of solutions.

Ch4 - Sequences and series (Integral link)
- Sequences and series (p72)

- Using standard results (p77)

- The method of differences (p80)

- Proof by induction (p85)

- Other proofs by induction (P90)

LEARNING OUTCOMES

When you have completed this chapter you should be able to:

Y ¥Y ¥ vy vy vy

know what is meant by a sequence and a series

find the sum of a series using standard formulae for Xr, ¥ and 2

find the sum of a series using the method of differences

use proof by induction to prove given results for the sum of a series

use proof by induction to prove given results for the nth term of a sequence
use proof by induction to prove given results for the nth power of a matrix.

KEY POINTS

1

The terms of a sequence are often wrillen as a,, a;, a;, ... O 1, i, g, ...
The general term of a sequence may be written as 4, or «, [sometimes the
letters kor i are used instead of +). The last lerm is usually wrillen as a_ of u,_.

A series is the sum of the terms of a sequence. The sum S, of the first « terms of
a sequence can be writlen using the symbel X (the Greek capital 5, sigmal.

.
Fota, =Y,

r=1

8 =a tata

The numbers above and below the ¥ are the limits of the sum. They show that
the sum includes all the terms a, from «, to a,.
Some series can be expressed as combimations of these standard resulls:

;r %n(n + 1) rz:r_' %nf_n +1)(2n + 1) ,z-:ra = %rri{’_n t l]1

Some series can be summed by using the method of differences. IT the terms
of the series can be written as the difference of terms of another series, then
many tlerms may cancel oul. This is called a telescoping sum.

To prove by induction that a statement involving an integer s is true for all
n 2 n,, you need lo:

B prove that the resull is true for an initial value of &, typically n = 1

B find the largel expression:

use the resull for o = kLo find the equivalent result forn — &+ 1.
B prove thal:
ifitis true for w =k, thenitis true forn=k+ 1.
B arque that sinceitis true for m — 1, itisalso true fors — 1+ 1 — 2, and so

forn — 2 + 1 — 3 and for all subsequent values of a.

B conclude the argument with a precise statement about what has been
proved.

Autumn - Half Term 2
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Teacher 1

Teacher 2

Ch7 - Vectors and 3D space

- Finding the angle between vectors (p143)
- The equation of a plane (p150)

- Intersection of planes (p157)

LEARNING OUTCOMES

When you have completed this chapter you should be able to:
» find the scalar product of two vectors
» use the scalar product to find the angle between two vectors

» know that two vectors are perpendicular if and only if their scalar product
is zero

identify a vector normal to a plane, given the equation of the plane

find the equation of a plane in vector or Cartesian form

find the angle between two planes

know the ditferent ways in which three distinct planes can be arranged in
3-D space

» understand how solving three linear simultaneous equations in three

unknowns relates to finding the point of intersection of three planes in three
dimensions.

KEY POINTS

1 Intwo dimensions, the scalar product

a by
ab = o = ab, + ab, = |a||b|cosé
dy by

@ b
2 Inthree dimensions, a.b =| @ .| b |[=a b+ ab + ab,=aljb| cosh.
3y by

3 Theangle # between two vectors a and b is given by
a.b

la||b
wherea.b = ah, + ab, lin two dimensions]

cosf =

a.b = aly + a,b, + ayb, lin three dimensions).

",
4 The cartesian equation of the plane perpendicular to the vector n = [ iy ]
and passing through a point with position vector a is given by l e J

mx+ny+nz+d=10whered = —a.n
5 The vector equation of the plane through the point with position vector a,

nl
and perpendicular to the vector 1t = i, is given by (r —a).n = O or
rf.n = aun. ",

& The angle between two planes &, and &, is the same as the angle between
their normals, n, and m,. This angle can be found using the scalar product.

7 Three distinct planes in three dimensions will be arranged in one of five ways:
+ meet in a unigue point of intersection
+ three parallel planes
# two parallel planes that are cut by the third to form two parallel lines
* asheaf of planes that intersect in a common line

* aprism of planes in which each pair of planes meets in a straight line but
there are no common points of intersection between the three planes.

8 Three distinct planes
a4+ by 4oz =d,
ax+by+er=d,
ayx + by + oz = d,

can be expressed in the form

X
M| ¥ = d,

i
B
w

where M a, b, ¢

a, by o
d,
M iz non-sinaular the uniaue noint of intersaection is given by M_1 d. 1

An introduction to radians (p169)

Ch5 — Complex numbers and geometry (Integral
link)

- The modulus and argument (p98)

- Multiplying and dividing complex numbers in modulus-
argument form (p106)

- Loci in the Argand diagram (p110)

LEARNING OUTCOMES
When you have completed this chapter you should be able to:

» find the modulus of a complex number

» find the principal argument of a complex number using radians

» express a complex number in modulus-argument form

» multiply and divide complex numbers in modulus-argument form

» represent multiplication and division of two complex numbers on an Argand
diagram

» represent and interpret sets of complex numbers as loci on an Argand
diagram:

» circles of theform |z—a] =r
» half-lines of the form arg(= — a) = @
> lines of the form |z —a| = |=— ]

» represent and interpret regions defined by inequalities based on the above.

KEY POINTS

1 The modulus of = = x + yi is|d = \/x” + " . Thisis the distance of the
point = from the origin on the Argand diagram.

2 The argument of = is the angle 8, measured in radians, between the line
connecting the origin and the point = and the positive real axis.

3 The principal argument of =, arg =, is the angle 8, measured in radians, for
which =% < @ = & between the line connecting the origin and the point =
and the positive real axis.

4 For a complex number =, ==+ —!z g

5 The modulus-argument form of z is = = r(t:cm‘? + isin -9), where r =| 2|
and @ = arg=. This is often written as [r, 6]

6 For two complex numbers = and =

'3'|32| = |-3'|| Zy :”'1'5{21:1) = argz +arngT,
= = %(1] =angs —angs,
=2 T =2

7 The distance between the points = and =, in an Argand diagram is |Z1 - -fz| .

8 |= —d = r represents a circle, centre « and radius r.
|z — d < r represents the interior of the circle, and | =— ,.| = ¢ represents
the exterior of the circle.

9 arg(= — a) = B represents a half line starting at = = a at an angle of @ from

the positive real direction.

10 | - ‘,l —| o p,| represents the perpendicular bisector of the points a and b.
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The identities sin(e+d) and cos(exd) (p172)

Revision and Assessment
Practice questions: Further Mathematics 1

Past Exam Papers
https://www.ocr.org.uk/qualifications/as-and-a-
level/further-mathematics-b-mei-h635-h645-from-
2017/assessment/#as-level

Revision and Assessment
Practice questions: Further Mathematics 2

Past Exam Papers
https://www.ocr.org.uk/qualifications/as-and-a-

level/further-mathematics-b-mei-h635-h645-from-

2017/assessment/#as-level
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Spring - Half Term 3

Teacher 1 - Mechanics

Teacher 2 - Statistics

Ch1 - Kinematics (Integral link)

- The language of motion in one dimension (p2)
- The constant acceleration formulae (p11)

- Variable acceleration (p17)

KEY POINTS

1
Vectors (with magnitude Scalars (magnitude only)
and direction)
Displacement Distance

Position: displacement from a fixed origin

Velocity: rate of change of position Speed: magnitude of velocity

Acceleration: rate of change of velocity Magnitude of acceleration

Time

2 Graphs
The gradient of a position-time graph is the velocity.
The gradient of a velocity-time graph is the acceleration,
The area under a velocity-time graph is the displacement,
The gradient of a distance-time graph is the speed.
The gradient of a speed-time graph is the magnitude of the acceleration.
The area under a speed-time graph is the distance.

3 Averages
total distance travelled
SR RUEACs total time taken
Average velocity = Sepachoe
time taken
Average acceleration = Bl AL s
time taken

4 Constant acceleration formulae

v=u+al
1
= [}
s=z(u+v)x
1.2
-al
s=ul+3a
1.4
vi==zal
s=v-3
¥ =y + 2as,
5 Relationships between variables describing mation
Posinion Velociry Acceleranon
— differentiate e
$ ds dr _d°
p= E a= = = ﬁ
Acceleration Velocity Pasition
—_— integrate -
E - Ia &t - Iv di

LEARNING OUTCOMES
When you have completed this chapter, you should know
> the difference between position, displacement and distance travelled

> the difference between speed and velocity and between acceleration and the
magnitude of acceleration

> how to draw and interpret position-time, distance-time, velocity-time,
speed-time and acceleration-time graphs and how to use these to solve
problems connected with motion in a straight line

> how to find average speed and average velocity

> how and when to use the constant acceleration formulae to solve problems
involving linear motion

> how to deal with problems involving motion under gravity

> how to use calculus to derive expressions for position, velocity and
acceleration as functions of time, given suitable information

> how to solve problems involving linear motion with variable acceleration.

Ch1 - Statistical problem solving (Integral link)
- The problem solving cycle (p2)

KEY POINTS

1

The problem solving cycle has four stages:

= problem specification and analysis

= information collection

* processing and representation

* interpretation,

Information collection often involves taking a samp

There are several reasons why you might wish to take a sample:

* 1o help you understand a situation better

= as part of a pilot study to inform the design of a larger investigation

= to estimate the values of the parameters of the parent population

= to avoid the work involved in cleaning and formatting all the data in
a large set

= 1o conduct a hypothesis test,

Sampling procedures include:

= simple random sampling

= stratified sampling

= cluster sampling

* systematic sampling

* quota sampling

= opportunity sampling

= self-selected sampling.

For processing and representation, it is important to know the type of data

you are working with Le.:

= categorical data

= ranked data

= discrete numerical data

= continuous numerical data

* Dbivariate data,

Display techniques and summary measures must be appropriate for the type

of data.

Naotation for mean and standard deviation.

Mean F=I

Sum of squares 5, =¥(r,—F)'= L' —n¥’

F= ;:l‘
Standard deviation 5= JVarEnGe =

Variance

LEARNING OUTCOMES
When you have completed this chapter you should be able to:

>

>

use statistics within a problem solving cycle

explain why sampling may be necessary in order to obtain information about
2 population, and give desirable features of a sample, including the size of the
sample

know a variety of sampling methods, the situations in which they might be
used and any problems associated with them

explain the advantage of using a random sample when inferring properties of
2 population

> display sample data appropriately
> calculate and interpret summary measures for sample data
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Ch2 - Forces and motion (Integral link)

Working in vectors (p34)

Finding resultant forces (p50)

Forces and Newton’s laws of motion (p26)

Forces in equilibrium (p42) (Integral link)

KEY POINTS

1
Vectors (with magnitude Scalars (magnitude only)
and direction)
Displacement Distance
Position: displacement from a fixed origin
Velocity: rate of change of position Speed: magnitude of velocity
Acceleration: rate of change of velocity Magnitude of acceleration

Time

2 Graphs
The gradient of a position-time graph is the velocity.

The gradient of a velocity-time graph is the acceleration.

The area under a velocity-time graph is the displacement,

The gradient of a distance~time graph is the speed.

The gradient of a speed-time graph is the magnitude of the acceleration.

The area under a speed-time graph is the distance.
3 Averages
total distance travelled
total time taken
% displacernent
Average velocity = —————
Sk ty time taken

Average acceleration = M’-
time taken

4 Constant acceleration formulae
v=u+al

Average speed=

=3
5-2(u+v)xt

s=ul+ ;al’
s=vt-lat’
2
V=u+2as,
5 Relationships between variables describing motion
Position Velociry Acceleration
e differentiate —_
4 S dv _d's
o Q= 5
Acceleration Velocity Position
—_— ntegrate ——
® unjadl J=Ivdl

LEARNING OUTCOMES
When you have completed this chapter, you should know

> the difference between paosition, displacement and distance travelled

> the difference between speed and velocity and between acceleration and the

magnitude of acceleration

> how to draw and interpret position-time, distance-time, velocity-time,

speed-time and acceleration-time graphs and how to use these to solve

problems connected with motion in a straight line
> how to find average speed and average velocity

> how and when to use the constant acceleration formulae to solve problems

involving linear motion

> how to deal with problems involving motion under gravity

> how to use calculus to derive expressions for position, velocity and
acceleration as functions of time, given suitable information

> how to solve problems involving linear motion with variable acceleration

Ch2 - Discrete random variables (Integral link)

- Notation and conditions for a discrete random variable

(p22)
- Expectation and variance (p26)

KEY POINTS

1

2

3

For a discrete random variable, X, which can take only the values r,, r,, ... 7,,
with probabilities p,, p,. ..., p,, respectively:

.t "
o ptptetp =Ep =YP(X=r)=1p, 20

Adiscrete probability distribution is best illustrated by a vertical line chart.
® The expectation = E( X)= u= ZrP(x = r).
e The variance = Var(x)ao'
=E(x-p) =x{r-p) P(x=r)

or E(x')-[E(¥)] = 2rP(x=r)-[zrp(x =]
For a discrete random variable, X, which can assume only the values
X,. ¥, o0 X, With probabilities p., p.. ..., p,, respectively:
e Xp=1 p20
® E(X)=Xxp =XxxP(¥=x)
o Var(x)=E(x)-[E(x)].
For any random variables X' and ¥ and constants «, band ¢:
° E(c): ¢
o EfaX)=aE(¥)
° E(ax oc) = aE(X)¢ ¢
o E(X+r)=E(x)£E()
o E(aX + bY) = aE(X)+ bE[Y).
For two random variables X' and ¥, and constants a, h and ¢
° Var(c) =0
o Var(at)=a'Var(X)
o VarfaX +c)=a'Var(x)
and, if Xand ¥ are independent,
o Var(X £ ¥)=Var(X)+ Var(r)
o Var(aX +bY) = a'VarX)+ b'Var(¥)

LEARNING OUTCOMES
When you have completed this chapter you should be able to:

Yo ¥ Y XY XYY Y

use probability functions, given algebraically or in tables

calculate the numerical probabilities for a simple distribution

draw and interpret graphs representing probability distributions
calculate the expectation [mean), ELY), and understand its meaning
calculate the variance, Var{X), and understand its meaning

use the result ElaX +b] = oELX]+ b and understand its meaning
use the result VarlaX + b= a’VarlX] and understand its meaning

find the mean of any linear combination of random variables and the variance
of any linear combination of independent random variables.



https://my.integralmaths.org/course/view.php?id=58&sectionid=1081

Ch3 - A model for friction (Integral link)
- A model for friction (p59)
- Modelling with friction (p60)

KEY POINTS

1 The total contact force between two surfaces may be expressed in terms of a
frictional force and a normal reaction.

2 The frictional force, F, between two surfaces is given by:
F < uR when there is no sliding except in limiting equilibrium
F = pR in limiting equilibrium
F = uR when sliding occurs
where R is the normal reaction of one surface on the other and y is the
coefficient of friction between the surfaces.

3 The frictional force always acts in the direction to oppose sliding.

4 The magnitude of the normal reaction is affected by any force which has a
component perpendicular to the direction of sliding.

LEARNING OUTCOMES

When you have completed this chapter, you should

> understand that the total contact force between surfaces may be expressed in
terms of a frictional force and a normal reaction

be able to draw a force diagram to represent a situation involving friction
understand that a frictional force may be modelled by F < uR

know that a frictional force acts in the direction to oppose sliding

be able to model friction using F = R when sliding occurs

know how to apply Newton's laws of motion to situations involving friction

be able to derive and use the result that a body on a rough slope inclined at
angle ato the horizontal is on the point of slipping if p = tan a.
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Ch4 Moments of forces (Integral link)

- Introduction to moments (p71)

- The moment of a force which acts at an angle
(p83)

- Sliding and toppling (p93) (Integral link)

KEY POINTS

1 The moment of a force £ about a point O is given by the product Fd where d is
the perpendicular distance from O to the line of action of the force.
‘ Mament about O Fana
S F % asinaor
FsinaxasFcosax0

F cosa

Figure 4.74

2 The S.1. unit for moment is the newton metre INm|
3 Anticlockwise moments are usually called positive, clockwise negative.

4 If a body is in equilibrium the resultant force is zero and the sum of the
moments of the forces acting on it, about any point, is zero.

LEARNING OUTCOMES

When you have completed this chapter, you should

> be able to calculate the moment about a fixed point O of a force acting on a
body as the product of the force and the perpendicular distance of O from the
line of action of the force or by first resolving the force into components and
then finding the product of that component which does not go through 0 and
its distance from O.

be able to find the resultant of a set of parallel forces
know how different types of lever work
know the meaning of the word couple

know that an object is in equilibrium if the resultant of all the applied forces
acting on it is zero and the sum of their moments about any point is also zero

> be able to identify how equilibrium can be broken by sliding or toppling.

Y ¥y VY

Ch3 - Discrete probability distributions (Integral
link)

- The binomial distribution (p45)

- The Poisson distribution (p49)

- Link between binomial and Poisson distributions (p59)
- Other discrete distributions (p64)

KEY POINTS

Binomial distribution

The binamial distribution may be used to model situations in which these
conditions hold

e You are conducting trials on random samples of a certain size, n.
o On each trial the outcomes can be classified as either success or failure.

Far the binomial distribution to be a good model, these assumptions are
required.

® The outcome of each trial is independent of the outcome of any other trial.
o The probability of success is the same on each trial.

For a binomial random variable X, where X - Bln, pl

o PlX=rl="Cq~" p' forr=0,1,2 ..n

Far X - Bln, p)

o ElX)=np

o VarlX|=npq.

Poisson distribution

1

The Poisson distribution may be used in situations in which:

® the variable is the frequency of events occurring in fixed intervals of time
or space.

For the Poisson distribution to be a good model:

® events occur randomly
® events occur independently
e events occur at a uniform average rate.

For a Poisson random variable X, where X ~ Poisson(A)

e P(X:rl:c"xl; forr=0,1,2,..

For Poisson(4) '
® EX)=4

® VarlX|=24.

The sum of two independent Poisson distributions

® |f X ~Poissonli]) and ¥ ~Paissonlu), then X + ¥ ~ Poisson|A + u).

Uniform distribution

1

The uniform distribution may be used to model situations in which:
® all outcomes are equally likely.

2 For a uniform random variable X

. PIX:r)=’1, forr=1,2,...m

3 For a uniform random variable X'

o Elx)=2t!
HRY| >

2
® Varly s, _‘.
il

Geometric distribution

1

The geometric distribution may be used in situations in which:

e there are two possible outcomes, often referred to as success and failure

e both outcomes have fixed probabilities, p and g and p+¢ =1

e you are finding the number of trials which it takes for the first success to occur.

For the geometric distribution to be a good model:

@ the probability of success is constant

@ the probability of success in any trial is independent of the outcome of any
other trial,

For a geometric random variable X, where X - Geolp)

o PlX=rl=ll=pl 'p=qg'p forr=1,2,3..
For Geol p}

o |
° El.\lﬂi

e VarlX]= ‘—.lﬂ
P
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LEARNING OUTCOMES
When you have completed this chapter you should be able to:

>

Y

recognise situations under which the binomial distribution is likely to be an
appropniate model

calculate probabilities using a binormial distribution

know and be able to use the mean and variance of a binomial distribution
recognise situations under which the Poisson distribution is likely to be an
appropriate model

calculate probabilities using a Poisson distribution

know and be able to use the mean and variance of a Poisson distribution
know that the sum of two or more independent Poisson distributions is also a
Poisson distribution

recognise situations in which both the Poisson distribution and the binomial
distribution might be appropriate models

recognise situations under which the discrete uniform distribution is likely to
be an appropriate model

calculate probabilities using a discrete uniform distribution

calculate the mean and variance of any given discrete uniform distribution
recognise situations under which the geometric distribution is likely to be an
appropriate model

calculate the probabilities using a geometric distribution, including
cumulative probabilities

know and be able to use the mean and variance of a geometric distribution.
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Ch5 Work, energy and power (Integral link)
- Energy and momentum (p101)

- Work and energy (p101)

- Gravitational potential energy (p109)

- Work and kinetic energy for two-dimensional
motion (p103)

- Power (p108)

KEY POINTS

1 The work done by a constant force F is given by Fs where s is the distance
moved in the direction of the force.

2 The kinetic energy (K.E.) of a body of mass m moving with speed v is given by
;mv" Kinetic energy is the energy a body possesses on account of its motion.

3 The work-energy principle states that the total work done by all the forces
acting on a body is equal to the increase in the kinetic energy of the body.

4 The grawitational potential energy of a body of mass m at a height h above a
given reference level is given by mgh. It is the work done against the force of
gravity in raising the body.

5 Maechanical energy [kinetic energy + gravitational potential energyl is
conserved when no forces other than gravity do work.

& Power is the rate of doing work, and is given by Fv.

7 Average power = total work done + total time taken

8 The S.1. unit for energy is the joule and for power is the watt.

LEARNING OUTCOMES

When you have completed this chapter, you should be able to
» understand the language relating to work, energy and power

> calculate the work done by a force which moves either along its line of action
or at an angle to it

> calculate kinetic energy and gravitational potential energy
> understand and use the principle of conservation of energy
understand and use the work-energy principle

understand and use the concept ol power,

Ch6 Impulse and momentum (Integral link)
- Impulse (p127)

- Conservation of momentum (p131)

- Newton’s law of impact (p138)

KEY POINTS
1 The impulse from a force F is given by Ft where ¢ 15 the time for which the force acts.
2 Impulse is ¢ Ly d by J. It is a vector quantity.

3 The momentum of a body of mass m travelling with velocity v is given by mv. Momentum is
a vector quantity.

4 The S| unit of impulse and momentum [s the newton second INs)

5 The impul is

q

impulse = final tum ~ initial rr

p

6 The law of conservation of momentum states that when no external forces are acting on
a system, the total momentum of the system is constant, Since momentum is a vector
quantity this applies to the magnitude of the momentum in any direction

7 Newton’s law of impact:

+ . Speed of separation
Coefficient of r o ouh

speed aof separation = e x speed of approach

LEARNING OUTCOMES

When you have completed this chapter, you should

> know how to apply the principle of conservation of momentum to direct impacts

> understand Newton’s law of impact and know the meaning of coefficient of restitution
> know and use the fact that 0<e<1

> understand the implications of values of 0 and 1 for the coefficient of restitution

understand that when the coefficient of restitution is less than 1, energy is not conserved
during an impact

)

> be able to find the loss of kinetic energy during a direct impact
> know that for perfectly elastic collisions there is no energy loss
> know that for perfectly inelastic collisions the energy loss is the largest it can be.

Ch 4 - Bivariate data (correlation coefficients)
(Integral link)

- Describing variables (p76)

Interpreting scatter diagrams (p77)

Product moment correlation (p79)

Rank correlation (p101)

KEY POINTS
1 A scatter diagram is a graph to illustrate bivariate data.
2 Notation far n pairs of observations [x, vl

S, =Yy ~5F =L -nx’

S =Xy~ =5 -n7’
S, =E(x, =F)(y, —7) = Exy - 05§
3 Pearson’s product moment correlation coefficient

S Elx -3y -7 e v, —nlxllF

o

05,5, e -TPxy,-FF  JZe ez )
4 Spearman’s coefficient of rank correlation
6xd’
rale—_
- nin’ <1

5 Hypothesis testing based on Pearson’s product moment correlation

coefficient

H,: p= 0

H,: p> 0 or p <0 lone-tailed test] or p# 0 [two-tailed testl.

Test the sample value, r, against the critical value, which depends on the
number of pairs in the bivariate sample, », and the significance level,

6 Hypothesis testing based on Spearman’s coefficient of rank correlation
H,: no association

H,: positive association or negative association lone-tailed test| or some
association [two-tailed test].

Test the sample value, r,, against the critical value, which depends on the
number of pairs in the bivariate sample, n, and the significance level.

LEARNING OUTCOMES

When you have completed this chapter you should:

» understand what bivariate data are and know the conventions for choice of
axis for variables in a scatter diagram

» be able to use and interpret a scatter diagram
> interpret a scatter diagram produced by software

» be able to calculate Pearson’s product moment correlation coefficient from
raw data or summary statistics

» know when it is appropriate to carry out a hypothesis test using Pearson’s
product moment correlation coefficient

> be able to carry out hypothesis tests using the Pearson’s product moment
correlation coefficient and tables of critical values or the p-value from software

» use the Pearson’s product moment correlation coefficient as an effect size

> be able to calculate Spearman’s rank correlation coefficient from raw data or
summary statistics

> be able to carry out hypothesis tests using Spearman’s rank correlation
coefficient and tables of critical values or the output from software

» decide whether a test based on r or r, may be more appropriate, or whether
neither is appropriate.



https://my.integralmaths.org/course/view.php?id=57&section=6#section-7
https://my.integralmaths.org/course/view.php?id=58&sectionid=1080

Ch7 Centre of mass 1 (Integral link)

- The centre of mass (p148)

- Centre of mass of two- and three-dimensional
bodies (p153)

KEY POINTS

1 The centre of mass of a bady has the property that the mament, about any
point, of the whole mass of the body taken at the centre of mass is equal ta the
sum of maments of the various particles comprising the body.

MF = Z’".r. where M= Zml
2 Inone dimension

Mi:Em.{

3 Intwo dimensions

{2}

4 Inthree dimensions
X

=ym r:
zr

M

i
¥
Z

LEARNING OUTCOMES

When you have finished this chapter, you should

> be able to find the centre of mass of a system of particles of given position
and mass

be able to find the centre of mass of a simple shape

know how to use symmetry when finding a centre of mass
know the positions of the centres of mass of simple shapes
be able to find the centre of mass of a composite body

be able to use centre of mass in problems involving the equilibrium of a
rigid body.

¥ ¥ N XV

Ch8 Dimensional analysis (Integral link)

- Introduction to dimensional analysis (p167)
- The dimensions of further quantities (p168)
Other systems of units (p169)

Dimensional consistency (p171)

Finding the form of the relationship (p172)
The method of dimensions (p174)

KEY POINTS

1 Any quantity in mechanics may be expressed in terms of the three
fundamental dimensions: mass, M; length, L; time, T.

2 The dimension of a quantity d is denoted by [d].

3 The unit for any quantity is derived from the three fundamental dimensions.

4 Numbers are dimensionless.

5 All formulae and equations must be dimensionally consistent.

6 Using dimensional analysis you can sometimes find the form of a relationship
as the product of powers of the quantities involved and a dir ionl
constant,

LEARNING OUTCOMES

When you have completed this chapter, you should be able to

find the dimensions of a quantity in terms of M, Land T

use the dimensions of a quantity to determine its units

change the units in which a quantity is given

understand that some quantities are dimensionless

use dimensional analysis to check a relationship for consistency

use dimensional analysis to determine unknown indices in a proposed
formula

> use a model based on dimensional analysis.
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Practice questions: Set 1 (p181)

Ch 5 Bivariate data (regression lines) (Integral link)
- The least squares regression line (random on non-
random) (p115)

- The least squares regression line (random on random)
(p124)

KEY POINTS
Random on non-random regression lines

1

The equation of the y on x regression line y » & « Ax is given by

2 ol et o s
v—F=N1—i‘l.wﬁmh=-—"—="l" i }"I;Ln‘ nEF
S, Eb-w X eaw

o= §-h

For any data pair Lx, vl the predicted value of v s
F=a+he = the ressdualis £= y-§

The sum of the residuals Xe«0

The least squares regression ine minimises the sum of the squares of the
residuals, Er'

When using a regression line for prediction, a value within the data values
[interpolation] is more likely to be predicted reliably than a value beyond the
data values lextrapolation]

Random on random regression lines

6

It & value of ¥ 18 to be predicted fram a value of &, then the y on ¥ regrossion
line y = i + bx needs to be used. The equation of this regression line is exactly
the same as for the random on non-random regression line,
I & value of « 15 to be predicted from a value of y, then the 1 on y regression
line 5 = + by needs to be used. The equation for this line is given by

v T w ty =¥l where
‘i._.. G Ue-Fhy-F1 Ey-niy
S Iy=FF Iyewy’

= a=5-W

b=

Both of these lines pass through the point (¥, ¥l

The goadness of [it of the regression line can be judged by the coefficient of
determination. This is the square of the value of Pearson’s product moment
cocrelation coelficient

LEARNING OUTCOMES

When you have completed this chapter you should be able to:

>

obtain the equation of the least squares regression line for a random variable
on a non-random variable, using raw data or summary statistics

use the regression line as a model to estimate a value of the random variable
and know when it is appropriate to do so

know the meaning of the term residual and be able to calculate and interpret
residuals

obtain the equations of the two least squares regression lines, y on x and x on

v, where both variables are random, using raw data or summary statistics

use either regression line to estimate the expected value of one variable for a
given value of the other and know when it is appropriate to do so

check how well the model fits the data

know the relationship between the two regression lines and when to use one
rather than the other,
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Ch 6 Chi-squared tests (Integral link)

- The chi-squared test for a contingency table (p133)
- Goodness of fit tests (p147)

KEY POINTS

1 Contingency tables

To test whether the variables in an m x » contingency table are independent

the steps are as follows.

[i]  The null hypothesis is that the variables are independent, the alternative
is that they are not.

(i} Calculate the marginal [row and column] totals for the table.

liii} Calculate the expected frequency in each cell.

U
liv) The X7 statistic is !M%lemstheobmdfnqu/;is

the expected !nquomy‘l:lnd'l cell.

[v) The degrees of freedom, v, for the test is [m ~ 1]ly - 1| for an m x n table.

[vi) Read the critical value from the y* tables lalternatively, use suitable
software] for the appropriate degrees of freedom and significance level.
I X7 is less than the significance level, the null hypothesis is accepted;
otherwise it is rejected.

[vii) If two variables are not independent, you say that there is an association
between them,

2 Goodness of fit tests

To test whether a distribution models a situation, the steps are as follows,

i) Select your model, binomial, Poisson, etc.

lii} Set up null and alternative hypotheses and choose the significance level.

liii] Collect data. Record the observed frequency for each outcome.

fiv) Calculate the expected frequencies arising from the model.

[v) Check that the expected frequencies are all at least 5. If not, combine
classes.

[vi) Calculate the test statistic,
']
The X statistic is £\ /=2

[vii) Find the degrees of freedom, v, for the test using the formula.
u = number of classes - number of estimated parameters ~ 1
where the number of classes is counted after any necessary combining
has been done.

[viii) Read the critical value from the 1 tables for the appropriate degrees of
freedom and significance level. If X* is less than the significance level,
the null hypothesis is accepted; otherwise it is rejected.

lix) Draw conclusions from the test - state what the test tells you about the
model.

LEARNING OUTCOMES
When you have completed this chapter you should be able to:

>
>
>

>

interpret bivariate categorical data in a contingency table
apply the 7 test to a contingency table

carry out a ¢’ test for goodness of fit of a uniform, binomial, geometric or
Paisson model

interpret the results of a * test using tables of critical values or the output
from software.

Practice questions: Set 1 (p165)
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